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SEGAL-BARGMANN TRANSFORMS OF ONE-MODE 
INTERACTING FOCK SPACES ASSOCIATED WITH 
GAUSSIAN AND POISSON MEASURES 

NOBUHIRO ASAI*, IZUMI KUBO, AND HUI-HSIUNG KUO 



Abstract. Let fi g and fi p denote the Gaussian and Poisson measures on M, 
respectively. We show that there exists a unique measure /i 9 on C such that 
under the Segal-Bargmann transform S Mb the space L 2 (R, ji g ) is isomorphic 
to the space HL 2 (C,/i 9 ) of analytic L 2 -functions on C with respect to fj, g . 
We also introduce the Segal-Bargmann transform S Mp for the Poisson measure 
fip and prove the corresponding result. As a consequence, when fi g and /i p 
have the same variance, L 2 (M, fi g ) and L 2 (IR, fi p ) are isomorphic to the same 
space TiL 2 (C, fig) under the S Ms and -transforms, respectively. However, 
we show that the multiplication operators by x on L 2 (R, fi g ) and on L 2 (R,fi p ) 
act quite differently on HL 2 (C, fig). 



1. Introduction 

Let /i be a probability measure on K having finite moments of all orders. In the 
paper |jj Accardi and Bozejko discovered a canonical unitary isomorphism between 
the Hilbert space L 2 (fi) and the one-mode interacting Fock space I\A) associated 
with a sequence A arising from fi. Under this isomorphism the number vectors 
<!>„, n > 0, conrrespond to the orthogonal polynomials P n {x) associated with /j, and 
the modified field operator on T(A) corresponds to the multiplication operator by 
x on L 2 (ji). 

Being motivated by Accardi-Bozejko's discovery, Asai has recently introduced in 
|3) coherent vectors which are used to define the ^-transform. The ^-transform is 
shown in || to be a unitary operator from L 2 (/j) onto a Hilbert space Tt\ of analytic 
functions on a disk Q\ C C, where A is determined by /1. The composition of the 
Accardi-Bozejko isomorphism and the 5^-transform gives the interacting Fock space 
counterpart of the well-known Segal-Bargmann transform (cf. |To[ O, ^2], p3|). 

The purpose of this paper is to apply the results of Accardi-Bozejko [Q and Asai 
(3) to the cases of Gaussian measure /i 9 and Poisson measure /i p . In paticular 



when fj, g and [i v have the same variance, we will see that by Theorems 4.6 and 4.5 
the Segal-Bargmann transforms S fJig and take L 2 (fi g ) and L 2 (^ p ), respectively, 
to the same space TIL 2 (C, Jig) of analytic L 2 -functions, where Jig is the Gaussian 
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measure on C. However, the Segal-Bargmann representation of multiplication by x 
on L 2 ([ig) is quite different from that on L 2 (fi p ). 

2. One-mode Interacting Fock space 

Let fi be a probability measure on R having finite moments of all orders. It 
is well-known J25| that there exist (1) a complete orthogonal system {P n (x)}^L 
of polynomials for L 2 (/j) with P = 1, (2) a sequence {Lo n }^ =l of nonnegative 
real numbers, and (3) a sequence {a n }™ =0 of real numbers such that the following 
equalities hold for all n > 0: 

(x - a n )P n (x) = P n +i(x) + uj n P n -i(x), (2.1) 

(Pn, Pm)L 2 (^) — ii,mWl • 1 ' UJ n , 

where ljqP-i — by convention. We have the fact that the sequence a n = for all 
n if and only if \i is symmetric. 

For a probability measure /x with the associated sequence {w n }™ =1 , we define a 
sequence {A„};f =0 by 

A = 1, A n = WiW 2 • • • w n , n>l. (2.2) 
Assume that the sequence {A„}^L satisfies the condition: 

(*) inf A| > 0. (2.3) 

n>0 

With such a sequence A = {A„}^1 , we define T(A) by 

oo 

r (A) = |(ao, ai, • • ■ , a„, . . . ) : a n € C, ^ A„|a„| 2 < oo j 

ri=0 

and a norm || • ||a on T(A) by 

, oo \ 1/2 

IIMIIa= ]Ta„ki 2 • 

^ n=0 ' 

Then T(A) is a Hilbert space with norm || • ||a- It is called the one-mode interacting 
Fock space associated with A [[j] || . 
Define a number vector $„, n > 0, by 

n + l 

*„ = (0,... ,0, 1 ,0,...). 

The vector $o is called a vacuum vector. Let A be a densely defined operator 
on T(A) such that 

,4<I>o = 0, =cj„$„_i, ti > 1. 

The adjoint operator A* of A is easily checked to be given by 

A*$ n = $„+i, n >0. 

The operators A and A* are called the annihilation and creation operators on T(A), 
respectively. The number operator TV is defined by 

N$ n = n$ n , n > 0. 

In addition, we define an operator on T(A) by 

CtN$n = Ct n <S> n , n > 0. 
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Now we can state the result of Accardi and Bozejko There exists an unitary 
isomorphism U : T(X) — > L 2 (fi) satisfying the following conditions: 

(1) U$ = 1, 

(2) UA*U*P n = P n+1 , 

(3) U(A + A* + otN)U* = Q, where Q is the multiplication operator by x on 
L\n). 



3. Segal-Bargmann Transform 



Let {Anj^Q be the sequence defined in Equation (2.2) and consider the following 
series of a complex number z: 

oo 
n— 



Note that by Condition (*) in Equation ( |2.3| ) this series has a positive radius of 
convergence, denoted by r\ . 

Let fl\ ~ {z e C : \z\ < ^/r\}. For each z e S!a, Asai || has introduced a 
coherent vector E\(-, z) with respect to the family {P n } in Equation (2.1) by 



n=0 

It is easy to see 



E x (x,z) = ^^^-z n , X ^ R - ( 3 - 2 ) 

n=0 A ™ 



||i? A (-,z)|| L2(M) =G A (|z| 2 ) 1 / 2 

and so E\(-,z) € £ 2 (a*) for all z £ Q\. Moreover, the set {E\(-,z) : z £ fix} is 
linearly independent and spans a dense subspace of L 2 (fi). 
For / € L 2 (fj,), let S^f be the function defined by: 



{S M f)(z) = (E x (;z)J) LHli) = / E x (x,z)f(x)dfi(x), z e n A . 

« (3.3) 

The mapping 5^ defined on L 2 (//) is called the Segal-Bargmann transform. Asai 
has shown in || that is a unitary operator from L 2 (fi) onto TL\. Here 7i> is 
given by 



{OO OO n 

F(z) = a„z™ : F is analytic on fl\ and A„|a„| 2 < oo >. 
n=0 n=0 ^ 



(3.4) 



It is a Hilbert space with the norm 

/«, y/ 2 

11*11** = E A «w 2 ■ ( 3 - 5 ) 

\n=0 / 

Now, let us introduce operators A and A* acting on Ti.\ by 
A1 = 0, Az n =u n z n -\ n>l 

and 

A*z n = z n+l , n>0. 
Operators A and A* satisfy the commutation relation L4,^4*]z" = (uj n+ i — u) n )z n . 
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The number operator TV acting on TL\ is defined by 

Nz n = nz 11 , n>0 
In addition, we can define an operator acting on H.\ by 

a.NZ n — a n z n , n > 0. 

The operators A, A*, N and correspond to the operators A, A* , N and on 
r(A), respectively. 



4. Main results 



Our main results (Theorems 4.6 and 4.8 below) in this papers are concerned with 
the special cases when fi is a Gaussian or Poisson measure. 

Case 1: /i = Gaussian measure [i g with mean m and variance a 2 . 

From [|l9| we have the following equalities: 

H n+ i(x; a 2 ) - xH n (x; a 2 ) + cr 2 nH n _i(x; a 2 ) = 0, 

-,e- x2/2a2 dx = 5 r , rrl a 2n n\ 1 



H n (x;a )H m (x;a 



V27 



where H n (x;a 2 ) is the Hermite polynomial of degree n with parameter a 2 . Thus 
the three quantities for the Gaussian measure \i g in Equation (2.1) are given by 

P n (x) = H n (x- m;a 2 ), 
u n = a 2 n, 
a n = m Vn > 1. 



Moreover, we have the associated quantities in Equations (2.2), (|3.l|), and (p 



A„ = a 2 "n!, 



G\(z) = cxp 



u 



r\ = oo, 



(4.1) 
(4.2) 



E\(x,z) = exp -^{x-m)--^ 



Obviously, Condition (★) in Equation ( |2.3| ) is satisfied. 
Case 2: (i = Poisson measure fx p with parameter a. 
From [^TJ we have the following equalities: 

C n+ i(x; a) = (x — n — a)C n (x; a) — anC n -i(x; a), 
C n (x; a)C m {x; a) d/J, p (x) = 5 ntm a n n\, 

where C n (x;a) is the Charlier polynomial of degree n with parameter a. Thus the 
three quantities for the Poisson measure n P in Equation (2.1) are given by 

P n (x) = C n (x;a), 
uj n = an, 
a„ = n + a. 
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Moreover, we have the associated quantities in Equations (2.2), (3.1), and (3.2): 



An 
G x {z) 

E\(x,z) = e 



a n\ 



exp 



z 

a 

z 

1 + - 

a 



r x = oo, 



Obviously, Condition (*) in Equation (^) is satisfied. 
For the Poisson case, we have 

a N = -A* A + a = N + a. 
a 



which implies that 
.4* 



+ A + a N 



-.A* 



-.A 



(4.3) 



(4.4) 



with mean to and variance 



v n-l 



Proposition 4.1. For the Gaussian measure [i g on 
a 2 , the following equalities hold: 

(a) S^H n (--m;a 2 ) = z n , 

(b) S^UAU*H n (--m;a 2 ) = o 2 

(c) S„ g UA*U*H n {- - m;a 2 ) = z n+1 , 

(d) S^((x~ m)H n (- -m;a 2 )) = z n+1 + a 2 nz n - x . 

Proof. Conclusion (a) follows from Equations (3.2), (3.3), (|j), and (4.1). (b) follows 
from (a) and the fact that U AU* H n {- — m; a 2 ) — a 2 nH n ^i{- — to; a 2 ), (c) follows 
from (a) and the fact that UA*U*H n (- — m;a 2 ) = H n+ \{- — m;a 2 ). (d) follows 
from (a) and Equation ([|). □ 

Proposition 4.2. For the Poisson measure fi p on K with parameter a, the follow- 
ing equalities hold: 

(a) S ltp C n (- 1 a)=z n , 

(b) S^UAU*C n {--a)=anz n -\ 

(c) S^UA*U*C n (-,a) =z n+1 , 



(d) S^xC^a)) 



+ (n + a)z n + anz 



n-l 



Proof. The idea is similar to the proof of Proposition 4.1 with the Hcrmite poly- 
nomials being replaced by the Charlier polynomials. □ 

We point out that for the Poisson case, we have the equalities for operators 
acting on TC\ 



a N 



-A* A 

a 



N 



and 



A + a N = ( -^A* + Va 



-.A 



which correspond to the Equations (4.3) and (4.4), respectively. 
Then we can apply Propositions 4J and to get the next result. 

Corollary 4.3. Let fi g be the Gaussian measure on K with mean m and variance 
a 2 . Let fi p be the Poisson measure on M. with the parameter a. Then 
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(1) ((x - m)H n (- - m; a 2 )) = (A* + A)S^H n {- - m; a 2 ). 

(2) S^^fsfl)) = (A* + A + a N )S flp C n (-;a). 

Now, suppose is a probability measure on R with finite moments of all orders. 
Let A be the sequence associated with [i as given in Equation (2.2). With this A, we 
have a Hilbert space TL\ of analytic functions on £l\ in Equation (3.4) with norm 
|| ■ \\-Hx in Equation (3.5). Consider the following 

Question: Does there exist a unique measure Jl on fl\ such that F E H\ if and 
only if F is analytic on fl\ and F S L 2 (il\, Jl) with 



\F\ 



\F(z)\ 2 djl(z) ? 



(4.5) 



Bargmann |9) considered the equality in Equation (4.5) for the multidimensional 
standard Gaussian case. See also the paper by Gross and Malliavin Jl3[ . 

Our main results answer the above question for Gaussian and Poisson measures. 
For convenience, let JiL 2 , Jl) denote the Hilbert space of analytic functions F 
on Q\ which are square integrable with respect to Jl. The norm on 7iL 2 (fl\, Jl) is 
the L 2 (Jl) -norm. 

To answer the above question, we consider a criterion to check whether a measure 
v satsifying the equation 

(4.6) 



Z m z n dv(z) = J m .n- 

is unique for given moments {"f m ,n}- 

Proposition 4.4. Suppose {j m ,n} satsifies the condition 

l/n 

l im 2^L = 0. 

n — >oo fi 

Then the measure v satisfying Equation ( |4.6D is unique. 
Proof. Apply the Schwartz inequality to get 



(4.7) 



nm,n\ 

Therefore the function 



z m z n dv{z) 



< (7m,m7n,n)- 



t m s r ' 



m,n— 



mm 



!„,! 



converges absolutely for t, s £ C by Equation fl4.7p . In fact, we see that 

^n,n)^ 

n 

m.n—O 



E 

771,71—0 



JJ 71. 1 



\tr\s\ 



y n=0 



< oo 



(4.8) 



for t, s € C, \t\, \s\ < R. Equation (4.8) implies that exp[tz + sz] is integrable with 
respect to a measure v and 



/exp[tz + sz]dv(z) = g(t, s) 
J 
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holds. Therefore the characteristic function of a measure du(x,y) = dv{z), z 
x + iy, satisfies the equality 

exp[i£x + ir\y\dv\x, y) = g' 



for any £,77 S M. Hence v is unique. 



□ 



Remark 4.5. We are unable to find any literature dealing with the moment problem 
for measures on the complex plane C. The above proposition gives a sufficient 
condition for the uniqueness of a measure on C in the moment problem. On the 
other hand, many authors have studied the moment problem for measures on R. 

Theorem 4.6. Let p g be the Gaussian measure with mean m and variance a 2 . Let 
7i\ be the Hilbert space associated with p g as in Equation (3.4), i.e., tt\ = C and 
X n = o~ 2n nl. Then there exists a unique measure p on C such that Ti.\ = TtL 2 (C, Jl) 
and Equation (4-5) holds. 

Proof. Consider the above question for the Gaussian measure \x g with mean m and 
variance a 2 . In this case, we have J7a = C by Equation (4.2) and A„ = a 2n n\ by 
Equation (4.1). 

The uniqueness of Jl follows from Proposition 4.4. Thus we only need to find a 
measure jjonC such that 



z m z n dJ2(z) = 5 m , n a 2n n\. 



(4.9) 



Suppose /i is given by d^x(z) — ^dp(r)d9 for z — re 10 . Then Equation (4.9) 
becomes 

i e ~ l(m ~ n)9 de ) rm+H dp ^ = 5 ^na 2n n\. 

This equality is obviously valid when m ^ n. Thus we are looking for p such that 

r 2n dp{r) = a 2n n\. (4.10) 



But it is easy to see that p is given by 



dp(r) = exp 



The resulting measure 

dp g (z) 



r exp 



dr. 



drdO z = 



(4.11) 



is a Gaussian measure on C. Hence we have proved the existence of a measure p 



satisfying Equation (4.5). 



□ 



Remark 4.7. The measure given in Equation (4.11) is the unique measure satisfying 
Equation ( 4 . 10| ) since the sequence A„ = a 2n nl satisfies the condition 

oo 
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in Theorem 1.11 of the book by Shohat and Tamarkin j24| . However, in general it 
is not true that a measure djl(z) on C can be written as ^dp(r)d8. Thus we really 



need Proposition 1.4 to show the uniqueness of /i. 



Observe that we can also apply the above arguments to the Poisson measure /x p . 
Thus we have the corresponding theorem for 

Theorem 4.8. Let fi p be the Poisson measure with parameter a. Let Tt\ be the 



Hilbert space associated with fi p as in Equation (3.4), i.e., fix = C and X n = a"nl. 
Then there exists a unique measure ju on C such that 7i\ = H.L 2 (C, JT) and Equation 



holds. 

In fact, it is easy to see that the unique measure Jl for fi p is also a Gaussian mea- 



sure on C with a replacing a 2 in Equation (4.11). In particular, we see that when 
a = a 2 (i.e., /i g and \i v have the same variance) the Segal-Bargmann representing 
spaces for [i g and /j p are the same space, namely, the space TLL 2 (C,Ji g ). How- 
ever, the multiplication operators for fi g and /i p are decomposed quite differently 
on W.-; I!.//,,.:. 

Remark 4.9. Hudson-Parthasarathy G3] and Ito-Kubo Jl5| obtained similar results 
presented in this section from the viewpoint of quantum stochastic calculus and 
white noise calculus (cf. pl|), respectively. On the relationship between infinite 
dimensional Gaussian analysis and the Segal-Bargmann transform, see the papers 
by Asai-Kubo-Kuo P, ||, R pfl , Cochran-Kuo-Sengupta 0|, Kubo-Yokoi f[8| |, Lee 



20 1, Segal p2, E3fl, Yokoi |2q] and the references therein. 



Remark 4.10. Recently, the q-deformed versions of Theorems 4.6 and 4. J have been 
discussed by the first author [0 following the technique in . We remark that the 
case of q-deformed Gaussian measure has been investigated earlier by van Leeuwen- 
Maassen pi] ]. However, their method of analysis is slightly different from that in 
IH |j. In addition, Krolak examined the Segal-Bargmann space associated with 
(/-commutation relation for q > 1. 
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